Abstract. When the surfaces of two elastic bodies present relative motions under certain amount of contact pressure the mechanical system can be unstable. Experiments conducted on elastic bodies in contact shown that the dynamic system is self-excited by the non-linear behavior of the friction forces. The main objective of this paper is to estimate the friction force using the vibrations signals, measured on a reciprocating wear testing machine, by the proposed non-linear signal analysis formulation. In the proposed formulation the system global output is the sum of two outputs produced by a linear path associated in parallel with a non-linear path. This last path is a non-linear model that represents the friction force. Since the linear path can be identified by traditional signal analysis, the non-linear function can be evaluated by the global input/output relationships. Validation tests are conducted in a tribological system composed by a sphere in contact with and a prismatic body, which has an imposed harmonic motion. The global output force is simultaneously measured by a piezoelectric and by a piezoresistive load cells. The sphere and prismatic body vibrations are measured by a laser Doppler vibrometer and by an accelerometer respectively. All signals are digitalized at the same time base and the data is transferred to a microcomputer. The non-linear signal analysis technique uses this data to identify the friction force.
Introduction
Nowadays the analysis of nonlinear dynamic systems and the analysis of nonlinear forces applied to linear systems are increasing of importance. These dynamic systems with nonlinear properties or time dependent properties cannot be analyzed using the theories developed to linear systems. Analysis of these kinds of systems demand complex methodologies to predict its response or even to estimate its dynamical characteristics and models parameters. Even the study of a linear systems could require a nonlinear signal analysis methodology, as shown by the following cases: Measuring nonlinear physical quantities using linear instrumentation; predicting the response of a linear system excited by a nonlinear force; and the behavior of a vibratory system subjected to friction force.
Classical signal analysis, used in the study of dynamical system, was developed to stationary random data. However, much of the random data of interest in engineering applications is nonstationary when viewed as a whole. Typical examples of nonstationary data are vibrations signals measured in dynamical systems subjected to nonlinear forces, in dynamical systems with temperature dependent physical parameters, signals obtained from dynamical systems with cubic stiffness or time varying mass. Normally to analyze these kinds of signals the engineers use Volterra series to study the nonlinear and the time dependent properties [1] .
However, Volterra series provide results that are difficult to be physically interpreted and are difficult to be calculated. Nevertheless these difficulties, it should be cited that the estimated system model is strongly dependent on the probability density functions (PDF) of the input signals applied to the dynamical system. Therefore, the outputs and the systems parameters obtained with inputs that don't have the same PDF nature cannot be compared.
Recently, a new methodology was developed to analyze nonlinear systems, based on multiple input/single output (MISO) linear analysis of a reverse dynamic system and on statistical relations between the input excitation data and the output response data. This methodology can estimate the nonlinear properties of the dynamical system when the input data and the output data are measured, or it can estimate the input from the previous knowledge of the systems properties and of the output data, or estimate the output if the input is measured. The main advantages of this inverse MISO nonlinear analysis methodology compared to the use of Volterra series are the low computational cost and the fact that the results are easy to be physically interpreted. Since the statistical nature of the PDF of input data is considered in the analysis the obtained results are statistically consistent [2] .
A directly application of the nonlinear MISO analysis is the measurement of nonlinear forces acting on a linear system. Since the linear parameters of the instrumentation devices are well know, by means of traditional signal analysis and system identifications methodologies, the nonlinear force can be measured indirectly using the nonlinear MISO analysis applied to the output data. Using this methodology the dynamic system model and its parameters can be identified at the same time. Nonlinearities that can be represented as single-valued function, can be identified using the relations between the input and the output data probability distribution functions [2] . This paper presents a methodology to estimate the friction force, acting as excitation of a tribometer used to study the wear of materials, and also to analyze a vibratory mechanical system with a Coulomb damper, using the system linear properties and its output response.
The Coulomb law was chosen to model the friction due its validity in a wide range of tribological conditions [3] . This law of friction physical parameters can be easily interpreted. Additionally it should be noted that the nature of friction force do not change even when the values of the kinetic and static friction force changes [5] .
To verify the behavior of the adopted law of the friction model, experiments were carried on a one-degree of freedom vibratory system with an attached Coulomb damper device. The experiments were conducted in three different tribological conditions: dry contact, solid lubrication, and lubricated with mineral oil.
To evaluate the efficacy of the proposed methodology, another group of experiments were conducted on a reciprocating tribometer used to study the solid lubrication performance of a thin Teflon layer, by means of the estimation of the friction force. The sensibility to small changes in the tribological conditions could be measured by the changes of the estimated friction force and are confirmed by the surface topography, obtained by an scanning electron microscope. This case study is very useful to tribology, since the researchers of this area believe that changes on the contact surface produces specific changes of the friction force [6] . Therefore the correct estimate of the friction force and its correlation with the surface wear, without influence of dynamical behavior of the tribometer, is an important application of the nonlinear signal analysis methodology [4] .
Fundamentals of non-linear signal analysis
Physical parameters of a nonlinear system cannot be identified by traditional linear analysis since this technique requires that the probability density function of the inputs and outputs must have the same nature, condition not verified in nonlinear systems [1] .
Volterra series theory can be used to represent nonlinear systems using sets of high order polynomial functions assembled in parallel. However, due the large calculation effort and dependencies of the Volterra series to the probability density function (PDF) of input data, Bendat [2] proposed a new methodology that uses the well-known theory of multiple input/multiple output linear systems (MISO) modified to be applied to signal analysis of non-linear systems.
The nonlinear signal analysis is based on the hypothesis that the nonlinear characteristics of the system is additive to its linear characteristics and that the nonlinear effects acting on one input produces instantaneous output. The nonlinear system represented in the Fig. 1 do not have limitations regarding the characteristics of the signal input x (t) PDF, as imposed by Volterra models. However to use this methodology a prior knowledge of the nonlinear functions g (x) is required. However, Bendat [2] proposed that a prior analysis of the relation between cumulative probability function of the input data and the output data could estimate the nonlinear function g (x).
On the non-linear MISO theory statistical uncorrelated inputs produce statistical uncorrelated outputs. This property can be used to separate the nonlinear and the linear parts of the total output y(t). This implies that the coherence function between the nonlinear input u (t) and the linear input x (t) in the Fig. 2 is null at all frequencies. So, y o (t) and y u (t) are completely uncorrelated and represent, respectively, the outputs due to the linear and to the nonlinear input paths.
Calculating v (t) = g (x (t)) the power spectral densities and the coherence functions are determined by:
The model represented in Figs 1 and 2 includes only one nonlinear function. However, it should be noted that this methodology can represent systems with more than one nonlinear behavior, by including additional paths. The PSD function and the coherence functions presented in Eq. (1) must be calculated considering all possible combinations of the parallel paths.
The use of nonlinear MISO formulation permits an easy correlation of the estimated parameters with physical properties of the assumed model of the nonlinear system even in models with more than one nonlinear property [2] .
Vibratory systems with nonlinear properties
To apply the proposed methodology in the analysis of nonlinear dynamical systems should be done a prior mathematical and physical modeling to identify the linear and the nonlinear properties of this system. In the mechanical system shown in Fig. 3 the linear parameters m, c and k are respectively the mass, the viscous damping and the suspension stiffness. A generic nonlinear device that produces a force g (x) is connected in parallel to the suspension, and an external force F (t) excites the system. This system time domain mathematical model is presented in Eq. (2) and the associated frequency domain model of Eq. (3) is obtained by taking the Fourier Transform of the Eq. (2).
The frequency dependencies of the nonlinear device are included in A (f ) and F (g (x)) is the Fourier transform of the nonlinear input v (t). Equations (2) and (3) show that there are no imposed restrictions on the nature of the nonlinear function g (x) and that the nonlinear and linear terms are additive, according MISO theory [2] .
A generic linear system excited by a nonlinear force is represented in Fig. 4 and its mathematical model is given by Eq. (4).
The vector {F } includes all nonlinear forces. Using the same notation of Eq. (2) the nonlinear force is given by Eq. (5), where [A] n×n is diagonal matrix with non-zero elements only at the positions corresponding to the degrees of freedom where the nonlinear forces act. The same condition is verified for the vector {g (x)} where nonlinear functions exist only at each corresponding degree of freedom.
Assuming that the system is connected to the inertial reference by a spring and a damper, located at the degree of freedom "1", representing for example, a load cell that connects this degree of freedom to the ground, Eqs (4) and (5) can be rewritten as follows.
Where: [
Isolating the force measured by the load cell at the right hand side of Eq. (6), the final representation of the system mathematical model results:
The frequency domain representation of the linear system, subjected to nonlinear forces, is finally obtained by taking the Fourier transform on both sides of Eq. (8).
Using Eq. (9) and the concept presented in Fig. 1 , the correct representation of a MISO system with nonlinear excitation force is represented in It should be noted that the force measured by the load cell includes the linear component S y h y h and also the nonlinear component S yuyu . Moreover, to obtain the true nonlinear force, by means of nonlinear MISO signal analysis, a prior specification of the nonlinear function g (x) is required.
According to Eq. (9) and using the methodology explained in Section 2, the force measured by the load cell can be completely separated into a nonlinear parcel and into a linear parcel. So, the nonlinear excitation force is indirectly measured by S yuyu which is the estimate of the nonlinear term in the Eq. (1).
The same procedure can be applied to systems with several nonlinear effects without loss of generality. In this paper, the formulation is applied to identify the nonlinear force acting on a linear system, using the measured system response. The analysis of linear systems submitted to friction forces are of great interest to tribology field of research, since in the wear experiments the friction force between the specimens carries information about the surface condition [3] .
Nonlinear model of the friction force
The proposed model for the friction force between two surfaces is capable to represent stick and slip displacements and also its hysteretic nature. The Coulomb friction law is used to relate the normal and tangential forces at the contact surfaces. Figure 6 presents the physical behavior of the contact between one static surface and a second body during one cycle of harmonic imposed displacement. The mathematical model is given by Eq. (10) for each kinematics condition at the contact. If the body is at rest and will start the movement
If the body is slipping in the static surface
If the body is adhered to surface after its slip in the static surface
The slip displacement u s do not change if the body is adhered to the static surface. The friction stiffness, related to elastic deformation of the asperities in contact, is defined as K Coulomb . The relative velocity and displacement are defined as v rel and u rel , respectively.
Using this model, the nonlinear function g (x) of the MISO analysis, is completely defined. It can be verified that F Coulomb is function only of the state variables of the global system [4] . Imposing u rel (t) as a sinusoidal displacement on Eq. (10), the normalized the friction force behavior is calculated and presented by Fig. 7 .
The hysteretic and chaotic natures of the friction are evident. Comparing Figs 6 and 7 it should be noted that the elastic potential energy, stored in the deformed asperities of the contact, is not released until the body and the surface adhere again. This condition is different at the start of movement, when the adhesion between the body and the surface occurs without any previously stored potential energy. Hysteresis is represented by transition from stage "h" to stage "b" and from stage "d" to stage "f ", as shown in the Fig. 6 .
Results and discussion
The proposed nonlinear MISO signal analysis methodology is used to provide the best estimate of the friction force that occur in the following two classes of experimental tests.
A. One degree of freedom linear vibratory system with a Coulomb friction damper: In this group of experiments the vibratory system was excited by an harmonic force. The friction force is obtained by MISO nonlinear signal analysis, and compared with the force signal measured by a load cell installed between the mass and the friction damper; B. Reciprocating wear test of an aluminum specimen covered with a thin Teflon TM layer: This group of experiments was conducted to verify if the friction force, estimated by MISO nonlinear signal analysis, is sensitive to changes on the tribological conditions during the wear tests.
The experiment conducted with a linear vibratory system with a Coulomb damper attached was used to confirm the validity of adopted Coulomb law of friction. Since the linear parameters of the vibratory system are easily determined by traditional linear signal analysis, the nonlinear influence caused by the Coulomb damper can be identified.
The second group of experiment was used to show the sensitivity of the estimated friction force to changes of the tribological condition of the mechanical contact. Small changes of the friction force amplitude are correlated with the wear of Teflon TM layer. The Teflon TM wear the friction force increases gradually until the Teflon TM layer was completely removed from the contact area. So this experiment is suitable to cover a wide range of changes in the amplitude of fiction force.
Case A: One degree of freedom vibratory system with a Coulomb damper
The experimental apparatus shown in Fig. 8 is composed by a rigid aluminum plate mounted on an elastic suspension consisting of four parallel elastic beams. The suspension geometry along with the large difference between the moments of inertia of the beams cross sections produce an one degree of freedom vibratory system at the frequency band bellow 100 Hz. It is used to validate the adopted model for the friction force. The load cell 02, located between the table and the Coulomb damper, measures the friction force. However, the signal measured by this sensor is not the actual friction force, since it includes the inertia force generated by the moving mass of the Coulomb damper.
The nonlinear system model represented by Fig. 9 is correlated to experimental apparatus as follow:
-Linear system: Vibratory system, where m is the moving mass, k is the suspension stiffness and c is the viscous damping coefficient; -Nonlinear system: Coulomb damper installed between m and the fixed 'rigid' support. It consists of an Ushaped steel structure with four bronze pads and a central rigid plate, as shown by the left part of Fig. 8 . The normal contact force can be adjusted by a screw with an helical spring that compress the pads against the central plate. The table movement is measured by the accelerometer 01, and the accelerometer 02 measures the small, but possible, displacement of damper support. Load cell 01 measures the excitation force, generated by an eletrodynamic shaker, and load cell 02 measures the force due Coulomb friction damper plus the inertia force of its moving part. The nonlinear MISO system model can be configured as follows: Fig. 9 . Vibratory system nonlinear model.
To validate both the nonlinear MISO formulation and the Coulomb friction law, experiments were conducted with harmonic excitation forces at 10 Hz, which is bellow the vibratory system natural frequency, and at 18 Hz, which is very close to the system natural frequency.
The lower frequency was chosen to assure that the force measured by load cell 02 produce the best approximation to the real friction force, minimizing the effect caused by the inertia force of the damper moving part and the vibrations amplitudes of the fixed support. The relation |F/A| between the force, measured by the load cell 02, and the acceleration, measured by accelerometer 01, was estimated applying a white noise excitation to the vibratory system, removing the U-shaped structure of the damper. The transfer function shown by Fig. 10 , at the 5-70 Hz frequency band, indicates constant value of the F/A magnitude, and null phase difference. The damper moving mass was calculated and results equal to 0.2374 Kg. In this case, the inertia force effect, calculated using the second Newton's law, can be directly subtracted from the overall force measured by load cell 02 in the experiments with the complete damper installed.
At frequencies above 70 Hz the set up of the load cell and the damper moving part creates a vibratory system with additional axial and flexural modes, modifying the global force measured by the load cell. Therefore, when frequency increases, the friction force becomes very small compared to the other dynamic forces measured by the load cell 02, which are proportional to the square of the frequency. This behavior can be observed on the frequency spectra of the estimated and measured friction force presented by Figs 11(a) and 11(b). An amplitude modulation effect is observed in Fig. 11(b) , generated by the motion of the large inertial block, upon which the vibratory system is mounted, which has one of its natural frequencies near to 2.5 Hz.
At the excitation frequencies there are reasonable agreement between the global force measured by the load cell 02 and the estimated friction force. Figure 11(a) shows, at 10 Hz, an amplitude difference of only 3.5%, and from Fig. 11(b) , the difference is 30% at 18 Hz. The larger difference at 18 Hz is due mainly to the inertial force effect as explained before.
These two experiments show that at frequencies other than that of the excitation, the differences between the estimate friction force and the global measured force are very high. A first source of error is related to the dynamics of the set up of the load cell and the damper moving part. Another source of error is the adopted nonlinear function g (x) presented by Eq. (10). For this model, the theoretical friction force is assumed to be a square wave, with small modification to include the hysteretic and the contact stiffness effects, but it does not consider other dynamic effects, which can exist in the real friction force or in linear system dynamics, including the load cell itself.
Using the time domain signals, the estimated friction force and the normalized global force measured by load cell 02 are plotted against the relative velocity, VR, measured between the two ends of the damper device, for excitations at 10 Hz and 18 Hz.
Several cycles of the signals are shown in Fig. 12 . The main differences between the estimated and measured friction force occur at |VR| 0.01 m/s, indicated by the side lobes which are generated by the inertia effect on the measured global force. For values of |VR| < 0.01 m/s the estimated and measured cycles present almost the same slope.
Analyzing the relation between the friction force and the relative displacement at the adhered region, the tangential contact stiffness can be estimated, resulting K Coulomb = 1.6 10 6 N/m. However, the proposed model is capable to represent the main effects, including stick and slip phenomenon, and permits a good approximation to the friction force, modeled by the Coulomb law. Inertia effects are responsible by the large difference present at higher frequencies, but they were identified by the proposed methodology, using the low frequency experiments.
The estimates of the static and kinematic friction coefficients cannot be calculated without the knowledge of the normal force applied at the bronze pads. If the normal force signal is measured, its frequency spectrum can be used to calculate the friction coefficients.
Other friction force models can be assumed and the proposed methodology can be successfully applied. However, complex models that use large number of parameters can be identified, but the physical interpretation of the results may be very difficult.
Case B: Reciprocating wear test in one specimen of aluminum covered by a thin Teflon
TM layer
Experiments with the reciprocating wear test machine were conducted using the formulation presented by Eq. (9) and the nonlinear force model presented by Eq. (10). The experimental set up, the instrumentation chain and some of the test conditions are presented by Fig. 13 . The tribometer is an equipament PLINT&PARTNERS CO -UK, model TE67/8834. It has an horizontal guided table driven by a motorized crank-shaft mechanism. The table harmonic motion amplitude and frequency can be set by the electric motor speed and by the excentricity of the mechanism. The aluminum specimen is installed on the table and a sphere, located at the end of a guided rigid shaft, applies a normal force at the contact. The normal force value is set by dead weights installed on the rigid shaft. A rigid pivoted lever connects the sphere shaft to the measuring load cell.
Based on Fig. 13 and Eq. (9) the block diagram associated with the nonlinear MISO system is constructed and presented in Fig. 14. The linear system represents the path from the sphere up to the piezoelectric load cell. The nonlinear path represents the friction force and the mechanical gain of the rigid lever. The g (x) nonlinear function is expressed at the reference frame fixed to the reciprocating aluminum specimen
The reciprocating wear machine experiments take until 3 hours to complete. The signals are simultaneously acquired at 10 kSamples/s, using a 16 channel and 12 bits AD converter. The frequency spectrum averages of 10 blocks with 32768 points each, are stored in a hard disk at 60 seconds intervals, generating the data set related to the evolution of wear along the test duration.
After completion of each test, the specimens were removed from the reciprocating machine and analyzed in a scanning electron microscope (SEM) to compare their surface conditions and the predominant wear mechanism with the evolution of the friction force estimated by the nonlinear MISO technique.
Three classes of experiments were carried out regarding the final surface condition of the aluminum specimen: I) the experiment was stopped before any damage occur to the Teflon TM layer; II) the experiment was stopped when the layer degradation is minimum; III) the experiment was conducted until the Teflon TM layer was completely removed. The results obtained with nonlinear analysis, shown by the following figures, express the RMS value of the estimated friction force as function of the experiment time, These RMS values were calculated at the frequency band of 0-10 Hz, where the coherence function between the input and the output data has near unit values. Figure 15 shows that the friction force RMS amplitude presents small oscillations around 0.23 N. the picture of the surface, taken after 1080 seconds, has no visible degradation. The result from the experiment of Fig. 16 repeats the same behavior for time less than 1080 seconds, as the previous one, but shows an increase of the force amplitudes from experiment time around 1200 seconds, reaching a maximum value at 4500 seconds. After this time the force reduces. This behavior is correlated to the surface conditions, indicated by the formation of some cracks on the Teflon TM layer, followed by its fragmentation promoted by the contact force. The experiment with longest duration is shown by Fig. 17 and is consistent with the other two. After 6000 seconds the layer fragmentation continues and the force presents spikes that are related to the presence of Teflon TM small particles that remains in the contact region, but some contact between the sphere and the aluminum substrate begins to occur. After 9000 seconds the RMS values of the estimated friction force presents large spikes that seems to be related with the contact between the sphere and the aluminum, indicating that the Teflon TM layer was completely removed. There is a first important tribological event at 1200 seconds and a second between 6000 and 8000 seconds and a third event after 9000 seconds, proved by the changes of the friction force values and also by the SEM photography of the specimen surface. The estimated friction force is sensible to small changes in real friction force amplitudes. This is an important tool to design tribological wear studies. Performing a first long duration experiment and monitoring the estimate of the friction force it is possible to determine when the tribological events occur. This way, the interruption of each short time experiment can be planned in order to submit the specimen to a SEM analysis. So the proposed methodology was useful to correlate the wear mechanisms with a friction force signature. Since this signature was associated with specific wear events it will be possible to observe the wear evolution during other tribological tests with an aluminum substrate covered by a Teflon TM layer.
Conclusion
The proposed methodology was firstly used to validate the friction Coulomb law using a discrete damper device installed on a single degree of freedom vibratory system. The measurements of the global force and of the relative motion at the damper device extremities were compared to the friction force estimated by an inverse MISO model. This model has a linear path representing vibratory system dynamics and a nonlinear path containing a modified Coulomb friction law model that includes the tangential contact stiffness and the stick-slip effect. The best agreement between the global force measured by the load cell 02 and the estimated friction force is obtained at low excitation frequencies. This has occurred because the load cell stiffness and the mass of the moving part of the damper device make up a dynamic system that modifies the global force measurement. At higher excitation frequencies, the friction force amplitude remains constant, but mainly the inertia force increases with the square of the frequency. This effect is not a limitation of the proposed methodology. It only indicates that the load cell 02 cannot be used to directly measure the friction force. The results presented by Figs 11 and 12 show that the adopted friction force model is suitable to represent the stick and the slip behavior and also to identify the force amplitude and the contact tangential stiffness. The values of the friction static and kinematic coefficients were not calculated, since the normal contact force was not measured. Other friction force models can be assumed and the proposed nonlinear MISO methodology can be successfully applied.
The second set of experiments shown the efficacy of the methodology to estimate the friction force on a tribological wear test, without the influence of the tribometer dynamics. The modified Coulomb friction model is the same used before, but in this case the objective was to monitor the friction force evolution along the experiment time, in order to verify the force sensitivity with respect to the surface wear condition. The results presented by Figs 15, 16 and 17 clearly indicate the transition of the wear mechanisms associated with the changes of the estimated friction force. This characteristic is useful to plan the wear tests stop conditions in order to make a deep analysis of the surface using SEM microscopy. Another important feature is the possibility to compare the friction force estimates calculated in wear experiments executed with different settings on different tribometers. In any case, since the friction force is identified, static and kinetic friction coefficients can be calculated if the normal force between two bodies are measured, or other modeled parameters can be adjusted. The choice of the 0-10 Hz frequency band to analyze the measured signals was dictated by the excitation frequency imposed by the tribometer.
The obtained results suggest that the analysis and the identification of a general nonlinear dynamic system are feasible by using of the proposed nonlinear inverse MISO technique. This methodology can also be used to identify nonlinear effects that exist on a linear system, without any restrictions imposed on the statistical nature of the measured signals. If the nonlinear behavior is well modeled, the methodology is capable to identify and separate the exact nonlinear part from the global response of the system. In the case of mechanical systems with known linear properties the inverse MISO representation is simple and easy to implement and the estimated results can be physically interpreted. Since no restrictions are imposed on the nature of the assumed model of the nonlinear functions, the identification of physical parameters of highly nonlinear mechanical systems can be done.
